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It is shown that the mehanism of order out of disorder is at work in the antisymmetri pyrohlore
antiferromagnet. Quantum as well as thermal utuations break the ontinuous degeneray of the
lassial ground state manifold and redue its symmetry to Z3×Z2. The role of anisotropi symmetri
exhange is also investigated and we onlude that this disrete like ordering is robust with respet
to these seond order like interations. The antisymmetri pyrohlore antiferromagnet is therefore
expeted to order at low temperatures, whatever the symmetry type of its interations, in both the
lassial and semi lassial limits.
I. INTRODUCTION
The role of geometrial frustration in magneti systems
is at present one of the open question in the physis of
strongly orrelated systems sine it an lead to novel low
temperature behaviors. One of the most studied model is
the nearest neighbor antiferromagneti Heisenberg model
on the pyrohlore lattie. For lassial spins, the ground
state is known to have marosopi degeneray, prevent-
ing any magneti ordering at T=0. In real systems,
this degeneray is often removed, partially or totally,
by additional interations suh as dipolar interations
1
,
2nd neighbor exhange
2
, single ion anisotropy
3
, magneto-
elasti oupling
4
... This explains why pyrohlore om-
pounds often order at low temperature, but their order-
ing temperature is usually muh smaller than the para-
magneti Curie temperature Θp sine TN is not related
to the exhange interation J, but to the additional small
interation. Another type of proess whih an remove
the degeneray is order by disorder: as proposed rst by
Villain
5
the lassial degeneray an be lifted by utua-
tions, if utuations around these lassial ground states
selet one of these states. Both lassial and quantum
utuations are able to produe order by disorder, trough
their ontribution to entropy or zero point energy respe-
tively. In this paper we study the eet of Dzyaloshinsky-
Moriya interations in the Heisenberg pyrohlore model.
In an earlier paper
11
, we have shown that the T=0 K
degeneray is ompletly removed only for one partiu-
lar hoie of the DM vetors. Here we show that if the
DM vetors are suh that the T=0 degeneray is not
removed, both lassial and quantum utuations selet
6 equivalent ordered ongurations,leading to a well de-
ned magneti struture.
II. DMI AND MORIYA'S RULES FOR THE
PYROCHLORE LATTICE
Dzyaloshinsky has shown
6
that, in rystals with no
inversion enter, the usual isotropi exhange J ~Si. ~Sj
is not the only magneti interation and antisymmet-
FIG. 1: The pyrohlore lattie. The interplay of the frustra-
tion of the tetrahedral unit ell with the weak onnetivity
of the (orner sharing) tetrahedra provides peuliar magneti
properties to the pyrohlore antiferromagnet.
ri exhange
~Dij .(~Si × ~Sj) is allowed. In magneti oxy-
des, exhange interations are usually attributed to su-
perexhange mehanism, whih involves virtual hopping
between 2 neighboring magneti ions. Taking into a-
ount Coulomb repulsion and Pauli's priniple,Anderson
has expliited a mirosopi meanism whih leads to
isotropi super-exhange interations. Later, Moriya has
shown
7,8
that inlusion of spin-orbit oupling on the mag-
neti ions in 1st and 2nd order leads to antisymmetri ex-
hange and anisotropi exhange respetively. Moriya's
mirosopi derivation of the DMI is only valid for insula-
tors but other possible mirosopi meanism relevant for
other materials were expliited, for instane in systems
with RKKY interations
9,10
.
Whatever the mirosopi origin of the DMI is, there
are always symmetry onstraints on the possible D ve-
tors whih may appear in the hamiltonian. Indeed, the
hamiltonian must be invariant under the symmetry op-
erations of the rystal and this will restrit the possible
2FIG. 2: D vetors for the DMI in the pyrohlore lattie. The
onvention is taken to x the order for the ross produts (al-
ways D.Si × Sj with j > i). The two possible DMI are those
obtained by varying the diretion of theD vetors (D→ −D).
The ase with the D as represented on the left is refered to
as the diret ase and the other ase (on the right) is the
indiret ase. One the DMI between two spins is fully spe-
ied, the others DMI are also xed and obtained by applying
the dierent
2pi
3
rotations around the ube's diagonals whih
leave the tetrahedron invariant. The DMI in the rest of the
lattie are also xed and obtained by applying appropriate
symmetry operations of the pyrohlore lattie.
D vetors to those for whih
~Dij .( ~Si × ~Sj) is invariant
under these symmetry operations. This way of onstrain-
ing the D vetors has been given the name of Moriya's
rules. Using these rules, we have shown
11
that two types
of DM's interations are ompatible with the pyrohlore
spae group symmetry. These two patterns of D vetors
have been given the name of "diret" and "indiret" ase
and are desribed in gure 2.
As shown in our previous work, the lassial ground
state is always q = 0. It is non degenerate in the diret
ase and is desribed by the so alled all-in all-out mag-
neti phase; this ase will not be disussed in this paper.
From now on, we will fous on the seond ase of indiret
DMI, where the ground state manifold is redued om-
pared to the ase with no DMI, but is still ontinuously
degenerate as shown in Ref. 11. The role of anisotropi
exhange will also be disussed in this paper.
III. ROLE OF FLUCTUATIONS WITHIN THE
GROUND STATE MANIFOLD
From now on, we will fous on the seond ase of in-
diret DMI, where the ground state manifold is q = 0,
but is ontinuously degenerate. There are two kinds of
ground states
11
: (i) phases an be oplanar, belonging
either to the xy, yz or zx plane and onsists in perpen-
diular pairs of antiollinear spins (see gure 3)whih an
rotate freely within these planes. (ii) There are also non
x
y
z
FIG. 3: One possible ground state in the ase of indiret DMI.
The ground state for the whole pyrohlore lattie is a q = 0
struture so that only one tetrahedron is represented. Similar
strutures in the zx and yz planes are degenerate.
oplanar phases, parametrized by one angle ϕ as follow,
S1 =


cos θ cos
(
ϕ− pi
4
)
cos θ sin
(
ϕ− pi
4
)
sin (θ)
S2 =


cos θ cos
(−ϕ+ pi
4
)
cos θ sin
(−ϕ+ pi
4
)
− sin (θ)
S3 =


cos θ cos
(−ϕ− 3pi
4
)
cos θ sin
(−ϕ− 3pi
4
)
− sin (θ)
S4 =


cos θ cos
(
ϕ+ 3pi
4
)
cos θ sin
(
ϕ+ 3pi
4
)
sin (θ)
where the spins are labeled as in gure 2 and where ϕ
and θ are not independant :
θ = arctan(
√
2 sinϕ) (1)
Consequently, it is possible to piture the lassial
ground state manifold by following the paths dened by
the arrow of say, spin 1, in all allowed ongurations (a-
tually, xing any spin determines the onguration of the
3 other spins). Suh paths are depited in gure 4.
The ground state is therefore a multiply arwise on-
neted one dimensional manifold, represented by the
thik blak lines on gure 4. Six ongurations play a
partiular role, sine they are at the intersetion of two
lines, i.e they belong to both kinds of ground states de-
ned above, where spins are oplanar, either in the xy, yz
or zx plane (see Fig. 3). In these phases, take for instane
the xy plane, two spins are anti parallel (aligned along
the (110) axis) and perpendiular to the two remaining
spins (aligned along the (11¯0) axis). These ongura-
tions, related by time reversal symmetry and rotations,
are globally invariant under Z3×Z2, and will be referred
to this way from now on.
It is of pratial and theoretial interest to test wether
utuations operate on that manifold and redue the de-
generay. Before getting into a quantitative analysis, it
is worth pointing out qualitative arguments towards an
3FIG. 4: Desription of the one dimensional ground state man-
ifold. Any move within the ground state an be desribed by
the possible path followed by only one of the four spin as they
are all parametrized by the same angle (see Eq. 1). Here, only
spin 1 is desribed. It an belong either to the xy, yz or zx
plane, or be in a non oplanar phase. These non oplanar
phases interset oplanar phases at 6 points and the only way
to go from one plane to another is to pass through these in-
tersetions, depited by spheres.
order out of disorder mehanism. The main ingredient
for utuations to be eient resides in the spetrum of
the system : if two degenerate phases have dierent spe-
tra and in partiular, if one has softer modes, it is om-
mon that this one is seleted at low temperatures, where
entropi eets and/or quantum utuations may take
plae. The measure of the ground state manifold also
plays an important role and should be suiently small.
Shematially, if one phase is to be seleted by utua-
tions but is "drowned" in a huge ground state manifold,
the system annot statistially pik up that phase and
utuations will therefore not operate. In the present
ase, as it is shown hereafter, both preeding onditions
are fullled : there are obviously peuliar points expeted
to have spetra with softer modes (zero modes atually)
and the ground state manifold, beause it is one dimen-
sional, has a null measure in onguration spae and al-
lows order out of disorder to be eient, both at thermal
and quantum levels.
A. Thermal utuations
As emphasized in the previous paragraph we an guess
that the peuliar points of the onguration spae around
whih thermal utuations ould be eient are the
above mentioned 6 points beause they are the only one
within the ground state manifold having two obvious "es-
ape lines" e.g, two zero energy modes. It is therefore
natural to dene a parameter whih is maximum and
equal to one only when spin ongurations are among
the previous six. In eah of these ongurations, spins
all belong to the same plane, either xy, yz or zx. When
they belong to the xy plane, spins 1 and 4 are ollinear as
are spins 2 and 3, with the 1-4 pair being perpendiular
to the 2-3 pair (see gure 3). The same ours for the
two other planes. Therefore, for eah plane seletion, a
global index α an be dened to label a vetor eαi on eah
site of the lattie, so that the quantity
mα =
1
N
N∑
i
~Si.~eα (2)
equals ±1 for the two time reversal related phases of eah
plane seletion α = xy, yz, zx. If the spins belong to the
xy plane, they point along the (1,−1, 0) diretion, thus
exy =
1√
2
(1,−1, 0) and similarly for the two other planes.
Dening then
m = max
α
(
m2α
)
(3)
allows for haraterizing any spin onguration and its
proximity to one of the six peuliar phases beause M =
1 for these ongurations and these ongurations only.
In order to test wether thermal utuations may en-
tropially selet peuliar phases of the ground state mani-
fold, we have performed lassial monte arlo simulations
of nite size latties with periodi boundary onditions.
The lusters we investigated had 32, 500 and 2048 sites.
For eah simulations, we used a single ip metropolis al-
gorithm with a modied update so that the aeptane
rate stayed roughly above 40%, assoiated to a loal ro-
tation of eah spin around its loal moleular eld. Dur-
ing the simulation, the autoorrelation time is alulated
on the y in order to adapt the number of monte arlo
steps between two measures and ensure that measures
are unorrelated. Results are reported in Fig 5 and 6
for respetively D/J = 0.1 and D/J = 1. The measure
of 〈m〉 as a funtion of the temperature learly indiates
that this parameter is an order parameter, although we
annot disuss the order of the transition so far.
Both ases support that at low temperature, the sys-
tem orders in one of the 6 previously desribed states as
was expeted from qualitative arguments. Moreover, it
an be seen that TC is of the order of D, whih onrms
that DMI are responsible for this ordering.
4N=32
N=500
N=2048
m
T/J
D/J=0.1
 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9
 1
 1e−04  0.001  0.01  0.1  1  10
FIG. 5: Thermal average of m (see Eq. 3) as a funtion of
temperature for three lattie sizes, N = 32, 500 and 2048,
and for D/J = 0.1.
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FIG. 6: Thermal average of M (see Eq. 3) as a funtion of
temperature for three lattie sizes, N = 32, 500 and 2048,
and for D/J = 1.0.
B. Quantum utuations : semilassial approah
The same investigation has been done for quantum
utuations. Contrary to the lassial ase, it is not ne-
essary to guess whih points will play a partiular role.
This is beause it is possible to ompute at zero temper-
ature the energy renormalized by quantum utuations
for all phases of the ground state manifold. To do so,
we have performed a linear spin wave expansion of the
Hamiltonian around eah state of the ground state mani-
fold, e.g, around eah state parametrized by the angle ϕ.
The resulting bosoni hamiltonian is then diagonalized
whih allows to obtain the normal modes and alulate
the renormalized energy and magnetization by quantum
utuations.
The rst result is that the Z3 × Z2 phases are unam-
biguously seleted by quantum utuations, as shown in
Fig. 7. For planar phases, they orrespond to α = 0 or
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FIG. 7: Renormalized energy per site as a funtion of the
angle α, for planar phases [all planes are equivalent℄, with
D/J = 1. α = 0 and α = pi orrespond to one time reversal
related pair of states belonging to the Z3 × Z2 phases.
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FIG. 8: Renormalized magnetization for S = 1/2 as a fun-
tion of the angle α, for planar phases, with D/J = 1. α = 0
and α = pi orrespond to one time reversal related pair of
states belonging to the Z3 × Z2 phases. At these two points,
utuations have softer spetra, hene loal magnetization is
muh more renormalized.
α = π, α being the angle of the spins with one of the
6 peuliar phases (2 for eah plane). The same alu-
lation was performed for oni phases (indexed by ϕ),
onrming that the 6 phases are seleted by quantum
utuations.
This seletion is also illustrated by the omputation
of the renormalized magnetization, as shown in Fig. 8.
As onrmed by the alulation of the energy, there are
softer modes near the 6 seleted phases. Consequently,
transverse utuations are muh stronger giving a larger
renormalization of magnetization around these phases.
Wether the magnetization, whih is zero for D/J = 0,
ould be stabilized by taking DM's interations into a-
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FIG. 9: Renormalized magnetization of one of the symmetry
related Z3×Z2 phases, as a funtion ofD/J for S = 1/2, 1, 3/2
and 2. For S ≥ 1, a DM interation of 1 perent is suient
to stabilize a Néel like long range order. From that point of
view, DM interations are very eient in destroying the las-
sial spin liquid behavior and driving this model to a lassial
behavior.
ount is also of interest beause it quanties how eas-
ily this model beomes "lassial". We have therefore
omputed for one of the six seleted phases, the value of
the quantum renormalized magnetization as a funtion of
D/J . Results are reported in Fig. 9. It is worth noting
that apart from the ase S = 1/2, a very small value of
D/J (D/J & 0.01) stabilizes the magneti ground state
of the pyrohlore antiferromagnet. Furthermore, we an
quantify how eient DM's interations are by tting the
gain in energy as a funtion of D/J . For small values of
D/J , quantum utuations ontribute to the renormal-
ization of the energy as
√
D/J . This is an important
point as disussed in the next setion.
IV. ROLE OF ANISOTROPIC SYMMETRIC
LIKE EXCHANGE
So far, only DM's interations have been taken into
aount. Whatever the type of utuations, thermal or
quantum, the order out of disorder mehanism is e-
ient and redues the ontinuous degeneray to a disrete
one. But is this seletion robust vis à vis next order (in
spin orbit oupling) interations present in the Hamil-
tonian, the anisotropi symmetri exhange? Unfortu-
nately, we must lose generality to address this question
beause many kind of symmetry allowed interations are
possible. It is nevertheless possible to argue quantita-
tively on that matter.
In order to be spei, we hoose to onsider inter-
ations that keep all symmetries of the pure pyrohlore
lattie. They orrespond to nearest neighbour trunated
dipolar interations
12
,
K
(nˆα ·Rmnij )(nˆβ ·Rmnij )
|Rmnij |5
. (4)
where indies i, j are related to the f Bravais lattie
while indies m,n orrespond to one of the four sites of
the tetrahedral unit ell. The set of unit vetors nˆα is
(1,0,0), (0,1,0), (0,0,1). We allow the sign of K to vary as
there is no obvious reason why one peuliar type, K > 0
or K < 0, should prevail. The full hamiltonian we are
left with reads now,
H = −1
2
∑
i,j
∑
m,n
∑
α,β
J (Rmnij
)αβ
Sm,αi S
n,β
j (5)
where J (Rmnij
)αβ
are the oeients of the oupling ma-
trix J (q) whih ontains the isotropi symmetri ex-
hange −JSi.Sj , the antisymmetri exhange Dij .Si ×
Sj and the anisotropi symmetri exhange K (see
Eq. 4). Stabilized low temperature phases are investi-
gated through a mean eld analysis. The hamiltonian is
rewritten in reiproal spae using the following trans-
formations,
Sm,αi =
1√
N
∑
q
Sm,αq e
−ıq·Rmi , (6)
J (Rmnij
)αβ
=
1
N
∑
q
J αβmn(q) eıq·R
mn
ij , (7)
where N is the number of Bravais lattie points. The
resulting interation matrix J (q) is a 12 × 12 non diag-
onal hermitian matrix. Hene, to ompletely diagonalize
J (q) one must transform the q-dependent variables, Smq ,
to normal mode variables. In omponent form, the nor-
mal mode transformation is given by
Sn,αq =
4∑
p=1
3∑
γ=1
Uα,γn,p (q)φ
p,γ
q , (8)
where the indies (p, γ) label the normal modes (12 for
Heisenberg spins), and {φp,γq } are the amplitudes of these
normal modes. U(q) is the unitary matrix that diagonal-
izes J (q) with eigenvalues λ(q). Finally, the mean-eld
free energy to quadrati order in the normal modes reads,
up to an irrelevant onstant
13
,
F(T ) = 1
2
∑
q,p,γ
(nT − λγp(q))|φp,γq |2, (9)
where F(T ) is the mean-eld free energy per unit ell, T
is the temperature in units of kB, and n = 3 for Heisen-
berg spins. Therefore, the mean-eld low temperature
phase is dened by the orresponding wave vetor qord as-
soiated with the extremal eigenvalue maxp,γ,q
(
λγp(q)
)
.
When K = 0, it was shown in preeding setions that
qord = 0 and that the ground state manifold is on-
tinuously degenerate. Inluding non zero K, whatever
6its sign, the degeneray is lifted already at the mean
eld level. The new ground states are, for both posi-
tive and negative K, q = 0 slightly distorted version of
the Z3 × Z2 states. The energy derease, for small K, is
always quadrati, ∆E ∝ K2.
At this point, we an disuss wether anisotropi sym-
metri interations may interfere with quantum utua-
tions indued by DM's interations. The rst remark is
that at the mean eld level, K breaks the degeneray but
selet phases whih are ontinuous deformation of quan-
tum seleted phase. Therefore, we expet that taking
into aount anisotropi exhange would not hange the
behavior of this system. The seond point is related to
how strong K is eient in seleting a partiular phase.
Suppose that the mean eld seleted phase is not one
of the Z3 × Z2 phases or a slightly distorted version of
those. Beause the energy gain is quadrati in K, it ap-
pears that quantum utuations are muh more eient,
as they indue an energy gain proportional to
√
D (see
setion III B). This learly shows that even if anisotropi
interations are taken into aount, we expet a lifting
of degeneray orresponding to the Z3 × Z2 phases or
slightly distorted versions of those. The only mehanism
whih ould work against suh senario would be that
quantum utuations aroundK seleted phases be larger
than
√
D. Beause K ∝ D2, this would mean that one
should expet the energy gain indued by K-like intera-
tions to behave like
4
√
K, whih is highly unprobable.
V. CONCLUSION
This works investigates the role of thermal and quan-
tal utuations on the antisymmetri pyrohlore antifer-
romagnet. When the symmetry type of the allowed DMI
leads to a one dimensional degenerate ground state, it is
shown that these two types of utuations are eient
in reduing the degeneray and drives the model to the
same ordered ground state with a disrete global degen-
eray of the Z3×Z2 type. Inluding higher order terms in
the hamiltonian like the anisotropi symmetri exhange
is likely to leave thermal and quantal utuations dom-
inate the low temperature behavior of this system. It is
therefore onluded that whatever the type of symme-
try allowed DMI, diret or indiret, they should drive
the pyrohlore Heisenberg antiferromagnet to a low tem-
perature ordered phase. When the model is essentially
lassial, the ritial temperature is of order D. If quan-
tum utuations are present, the value of the ordering
temperature results from a balane between the strength
of the DMI and the magnitude of the utuations. As
we have shown that for moderately large DMI the loal
magnetization is quite stable, the value of the ordering
temperature should not be very dierent from the one of
the lassial ase. Finally, it is worth pointing out that
most of studied pyrohlore ompounds are Rare Earth
oxides. It is therefore the next natural step to investigate
the mehanism of DMI within 5f alloys and determine
whether those interations ould be in some ompounds
large enough to drive the low temperature behavior of
these frustrated systems.
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